Constructing the off-diagonal part of active-neutrino mass matrix from
  annihilation and creation matrices in neutrino-generation space by Krolikowski, Wojciech
ar
X
iv
:h
ep
-p
h/
06
06
22
3v
1 
 2
1 
Ju
n 
20
06
IFT 06/11
Constru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es
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e
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Abstrat
The o-diagonal part of the ative-neutrino mass matrix is onstruted from two 3×3
matries playing the role of annihilation and reation matries ating in the neutrino-
generation spae of νe, νµ, ντ . The onstrution leads to a new relation, Mµ τ = 4
√
3Me µ ,
whih predits in the ase of tribimaximal neutrino mixing thatm3−m1 = η (m2−m1) with
η = 5.28547. Then, the maximal possible value of∆m232/∆m
2
21 is equal to η
2−1 = 26.9362
and gives m1 = 0. With the experimental estimate ∆m
2
21 ∼ 8.0× 10−5 eV2, this maximal
value, if realized, predits ∆m232 ∼ 2.2 × 10−3 eV2, near to the popular experimental
estimation ∆m232 ∼ 2.4× 10−3 eV2.
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As is well known, the so-alled tribimaximal mixing matrix [1℄
U =


√
2√
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 (1)
desribes reasonably well the ative-neutrino mixing
να =
∑
i
Uαi νi (α = e, µ, τ , i = 1, 2, 3) (2)
in all onrmed neutrino osillation experiments [2℄. Here, c12 =
√
2/3, s12 = 1/
√
3,
c23 = 1/
√
2 = s23 and s13 = 0. If the harged-lepton mass matrix is diagonal, the
neutrino mixing matrix U = (Uαi) is at the same time the diagonalizing matrix for the
ative-neutrino mass matrix M = (Mαβ) whose elements
Mαβ =
∑
i
UαimiU
∗
βi (α, β = e, µ, τ) (3)
get expliitly the form
Me e =
1
3
(2m1 +m2) ,
Mµµ = Mτ τ =
1
6
(m1 + 2m2 + 3m3) ,
Me µ = −Me τ = −1
3
(m1 −m2) ,
Mµ τ = −1
6
(m1 + 2m2 − 3m3) (4)
with mi denoting the ative-neutrino masses. Thus,
m1 = Me e −Me µ , m2 = Me e + 2Me µ , m3 = Mµµ +Mµ τ . (5)
In the present paper, we will use the mass matrix (4), valid in the ase of tribimaximal
neutrino mixing, as a reasonable approximation.
Reently, we have proposed for ative neutrinos of three generations i = 1, 2, 3 the
following empirial mass formula [3℄:
1
mi = µ ρi
[
1− 1
ξ
(
N2i +
ε− 1
N2i
)]
(i = 1, 2, 3) (6)
or, rewritten expliitly,
m1 =
µ
29
(1− ε
ξ
) ,
m2 =
µ
29
4
[
1− 1
9ξ
(80 + ε)
]
,
m3 =
µ
29
24
[
1− 1
25ξ
(624 + ε)
]
. (7)
Here, µ > 0 , ε > 0 and ξ > 0 are three free parameters, while
N1 = 1 , N2 = 3 , N3 = 5 (8)
and
ρ1 =
1
29
, ρ2 =
4
29
, ρ3 =
24
29
(9)
(
∑
i ρi = 1). The latter numbers have been alled generation-weighting fators. The
empirial mass formula (6) an be supported by an intuitive model of formal intrinsi
interations whih might work within leptons and quarks [4℄.
For normal hierarhy of neutrino masses m21 ≪ m22 ≪ m23, when taking the lowest
mass lying in the range
m1 ∼ (0 to 10−3) eV , (10)
we obtain from the popular experimental estimates [2℄
|m22 −m21| ∼ 8.0× 10−5 eV2 , |m23 −m22| ∼ 2.4× 10−3 eV2 , (11)
two higher masses
m2 ∼ (8.9 to 9.0)× 10−3 eV , m3 ∼ 5.0× 10−3 eV . (12)
Then, we an determine the following parameter values in Eq. (6):
2
µ ∼ (7.9 to 7.5)× 10−2 eV , ε
ξ
∼ (1 to 0.61) , 1
ξ
∼ (8.1 to 6.9)× 10−3 . (13)
So, the parameter 1/ξ in Eq. (6) is small versus 1 and ε/ξ.
One may try to onjeture that in Eq. (6) 1/ξ = 0 exatly [3℄. Then, one predits
m3 = (6/25)(27m2 − 8m1), implying from the estimates (11) the inverse order of m1
and m2: m1 ∼ 1.5 × 10−2 eV, m2 ∼ 1.2 × 10−2 eV, m3 ∼ 5.1 × 10−2 eV. In this ase,
µ ∼ 4.5× 10−2 eV and ε/ξ ∼ −8.8.
Instead, we will try in the present paper to relate the empirial mass formula (6) to
the struture of ative-neutrino mass matrix dening also the neutrino mixing. To this
end, let us introdue the matries [5℄
N = 2n+ 1 =

 1 0 00 3 0
0 0 5

 , n =

 0 0 00 1 0
0 0 2

 , 1 =

 1 0 00 1 0
0 0 1


(14)
and
a =

 0 1 00 0 √2
0 0 0

 , a† =

 0 0 01 0 0
0
√
2 0

 , (15)
where
[a , n] = a , [a† , n] = −a† , n = a†a , a3 = 0 , a† 3 = 0 , (16)
the latter, a and a†, playing the role of annihilation and reation 3×3 matries, although
[a , a†] = 1−

 0 0 00 0 0
0 0 3

 6= 1 . (17)
Note that
a2 =

 0 0
√
2
0 0 0
0 0 0

 , a† 2 =

 0 0 00 0 0√
2 0 0

 . (18)
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Due to Eqs. (16), a and a† hange the eigenvalues ni=0, 1, 2 (or Ni=1, 3, 5) of the matrix
n (or N) by −1 and +1 (or −2 and +2), respetively, within the range 0 to 2 (or 1 to 5)†.
In the formalism of a and a†, it is natural to onjeture tentatively that the ative-
neutrino mass matrix has the formM = (Mαβ) withMαβ as given in Eqs. (4) and (7), but
its o-diagonal part an be presented  more restritively  in terms of our annihilation
and reation matries in the following way:

 0 Me µ −Me µMe µ 0 Mµ τ
−Me µ Mµ τ 0

 = µ ρ1/2 [g(a+ a†)− g′(a2 + a† 2)] ρ1/2
=
µ
29

 0 2g −4
√
3 g′
2g 0 8
√
3 g
−4√3 g′ 8√3 g 0

 , (19)
where g > 0 and g′ > 0 are free parameters (multiplied by the mass sale µ introdued in
Eqs. (7)), while
ρ1/2 =

 ρ
1/2
1 0 0
0 ρ
1/2
2 0
0 0 ρ
1/2
3

 = 1√
29

 1 0 00 √4 0
0 0
√
24

 . (20)
Here, ρi are the generation-weighting fators dened in Eqs. (9) in the ontext of mass
formula (6). Consequently, they ought to appear also in the o-diagonal part (19) of mass
matrix M . We an see from Eqs. (4) and the equality (19) that
− 1
3
(m1 −m2) = Me µ = µ
29
2g =
µ
29
4
√
3g′ (21)
and
†
Three generations i = 1, 2, 3 may be also labelled by ni = 0, 1, 2 or by Ni = 1 + 2ni = 1, 3, 5. In
the model of three fundamental-fermion generations based on the generalized Dira equation proposed
some years ago [5, 4℄, the label Ni is the number of bispinor indies whih appear in three generalized
Dira wave funtions desribing fundamental fermions of three generations. It is onjetured that among
these Ni bispinor indies ("algebrai partons") there are Ni − 1 undistinguishable and antisymmetrized
(so, obeying "Pauli priniple realized intrinsially"), while there is only one distinguished by its oupling
to the Standard Model gauge interations. The antisymmetrized bispinor indies appear in pairs: the
label ni = (Ni − 1)/2 is the number of suh pairs present in three generations. The number Ni − 1
of antisymmetrized bispinor indies, as taking four values eah, annot exeed four. Thus, we onlude
that Ni is neessarily equal to 1 or 3 or 5, what explains the existene of exatly three generations of
fundamental fermions.
4
− 1
6
(m1 + 2m2 − 3m3) = Mµ τ = µ
29
8
√
3 g = 4
√
3Me µ = − 4√
3
(m1 −m2) . (22)
Thus
‡
, Eq. (21) determines g and g′ through m2 −m1:
0 < g = 2
√
3 g′ =
29
6µ
(m2 −m1) , (23)
and Eq. (22) predits m3 in terms of m1 and m2:
m3 = ηm2 − (η − 1)m1 = η(m2 −m1) +m1 (24)
with
η ≡ 2
3
(4
√
3 + 1) = 5.28547 . (25)
Notie that Eq. (24) allows in partiular for the limiting option of exat degeneray
m1 = m2 = m3 that is exluded experimentally. Generially, from the restritive relation
(24) we get the equation
[ηm2 − (η − 1)m1]2 −m22 = m23 −m22 = λ(m22 −m21) (26)
or
[η − (η − 1)r]2 − 1− λ(1− r2) = 0 , (27)
where
r ≡ m1
m2
(28)
and
λ ≡ m
2
3 −m22
m22 −m21
∼ 2.4× 10
−3
8.0× 10−5 = 30 , (29)
‡
Note that the relations g = 2
√
3 g′ and Mµτ = 4
√
3Meµ following from the onjeture (19) are valid
more generally for the bilarge mixing matrix U , where c23 = 1/
√
2 = s23 and s13 = 0, while the angle
θ12 in c12 and s12 is a free parameter determined from the experimetal data. Then, 0 < g = 2
√
3 g′ =
(29/
√
8µ)c12s12(m2 −m1) and the oeient η in Eq. (24) is η ≡ c212(1 + 8
√
3/2 t12) with t12 ≡ tan θ12.
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the latter value being valid in the ase of popular experimental best t [2℄ (here m1 <
m2 < m3).
With λ > η − 1 = 4.28547, Eq. (27) for r gets two solutions
r(1,2) =
η(η − 1)
(η − 1)2 + λ ±
|η − 1− λ|
(η − 1)2 + λ =
{
1
η2−1−λ
(η−1)2+λ
. (30)
The rst solution r(1) = 1 orresponds to the limiting option of exat neutrino mass
degeneray m1 = m2 = m3, what is not the ase realized experimentally. The seond
solution is nonnegative, r(2) ≥ 0 (giving m1 ≥ 0), only if λ ≤ η2 − 1 = 26.9362 (while
the popular experimental best t is λ = 30). With the use of experimental estimate
m22 −m21 ∼ 8.0× 10−5 eV2, this solution gives m23 −m22 <∼ 2.2× 10−3 eV2.
For the maximal allowed value λ = η2 − 1 = 26.9362 we get r(2) = 0 and so, we
predit m1 = 0 and m
2
3 −m22 ∼ 2.2× 10−3 eV2 (while the popular experimental estimate
is m23 − m22 ∼ 2.4 × 10−3 eV2). Suh a smaller value is still onsistent with the present
data within experimental limits. With m1 = 0, we now obtain
m2 ∼ 8.9× 10−3 eV , m3 ∼ 4.7× 10−2 eV (31)
and infer from Eq. (23) that
g = 2
√
3 g′ ∼ 0.53 . (32)
In the last estimation, the value µ ∼ 8.1 × 10−2 eV (Eq.(33)) is applied. From Eq. (31)
we an determine with m1 = 0 the following parameter values in Eq. (6) in plae of the
previous values (13):
µ ∼ 8.1× 10−2 eV , ε
ξ
= 1 ,
1
ξ
∼ 1.0× 10−2 . (33)
Here, the parameter 1/ξ in Eq. (6) is still small versus 1 and ε/ξ, though it is larger than
previously.
Conluding, we have onstruted in this note the o-diagonal part of the ative-
neutrino mass matrix with the use of two 3 × 3 matries playing the role of annihilation
6
and reation matries ating in the neutrino-generation spae of νe , νµ , ντ . The on-
strution leads to the new relation Mµτ = 4
√
3Meµ (Eq. (22)) whih predits in the ase
of tribimaximal neutrino mixing that m3 −m1 = η(m2 − m1) with η = 5.28547. Then,
the maximal possible value of λ ≡ (m23−m22)/(m22−m21) is equal to η2− 1 = 26.9362 and
gives m1 = 0. With the experimental estimate m
2
2 −m21 ∼ 8.0 × 10−5 eV2, this maximal
value, if realized, predits m23 −m22 ∼ 2.2 × 10−3 eV2, near to the popular experimental
estimation m23 −m22 ∼ 2.4× 10−3 eV2.
Formally, one may say that our neutrino mass formula (6), whih primarily is a speial
transformation of three masses m1, m2, m3 into three parameters µ, ε, ξ, beomes a speial
funtion prediting m1 = 0, m2 and m3 = ηm2 (with η = 5.28547) in terms of µ and
ε = ξ, when the onjeture (19) about the o-diagonal part of neutrino mass matrix is
made and the value λ ≡ (m23 −m22)/(m22 −m21) ≤ η2 − 1 assumed to be maximal: η2 − 1.
More generally, without the latter requirement, still m3 = ηm2 − (η − 1)m1 is predited
in terms of m1 and m2, what imposes a relation between ε and ξ.
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